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Abstract 

We apply the well-established techniques of geometrical superfield approach to Becchi-Rouet- 



■ Stora-Tyutin (BRST) formalism in the context of four (3 + l)-dimensional (4D) dynamical non- 

' Abelian 2-form gauge theory by exploiting its inherent "scalar" and "vector" gauge symmetry 

transformations and derive the corresponding off-shell nilpotent and absolutely anticommuting 
BRST and anti-BRST symmetry transformations. Our approach leads to the derivation of three 
p, , (anti-)BRST invariant Curci-Ferrari (CF)-type restrictions that are found to be responsible for 

r~| , the absolute anticommutativity of the BRST and anti-BRST symmetry transformations. We de- 



rive the coupled Lagrangian densities that respect the (anti-)BRST symmetry transformations 
corresponding to the "vector" gauge transformations. We also capture the (anti-)BRST invari- 



> 

\^ ! ance of the CF-type restrictions and coupled Lagrangian densities within the framework of our 



superfield approach. We obtain, furthermore, the off-shell nilpotent (anti-)BRST symmetry trans- 
formations when the (anti-)BRST symmetry transformations corresponding to the "scalar" and 
"vector" gauge symmetries are merged together. These off-shell nilpotent "merged" (anti-)BRST 
symmetry transformations are, however, found to be non-anticommuting in nature. 
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I. INTRODUCTION 



During the past few years, there has been an upsurge of interest in the study of higher 
p-form (p = 2, 3, 4, ....) gauge theories because of their relevance in the context of theory of 
(super) strings and related extended objects (see, e.g. [1-3]). It has been found, furthermore, 
that the merging of 1-form gauge field and higher p-form (p = 2, 3, 4...) gauge fields has led 
to very interesting models of field theories which encompass in their folds rich mathematical 
and physical structures. In particular, the coupling of 1-form and 2-form gauge fields has 
provided us models for the topologically massive gauge field theories in 4D. In recent years, 
there has been a renewed interest in the understanding of 4D massive topological gauge 
field theories of Abehan and non-Abehan variety [4-8] which provide an alternative to the 
celebrated Higgs mechanism that is responsible for generating masses for the gauge particles 
and fermions of the standard model of particle physics. It may be mentioned, in the context 
of our present endeavor, that the model under consideration addresses only the question of 
mass generation of the gauge field and it does not shed light on any other off-shoots of the 
Higgs mechanism that play important roles in the standard model of high energy physics. 

Despite many success stories, there are a couple of loop-holes in the physical foundations 
of the standard model of high energy physics. For instance, the esoteric Higgs particles 
have not yet been observed experimentally and neutrinos have been found to have mass by 
experimental techniques. These experimental observations have propelled physicists to look 
for an alternative to the Higgs mechanism for the generation of masses for the gauge bosons 
and fermions of the standard model of particle physics. In this context, it is pertinent to point 
out that the 1-form gauge field acquires mass [4] when it is coupled with the antisymmetric 
tensor gauge field S^j, through the well-known topological term S^^^ A F^^^ where the 2- 
forms -B*^^^ = ^ (rix'' A dx'')B^i, and F*^^) = ^ (dx^ A dx'')F^i, define the potential B^i, and 
curvature tensor F^^, = df^A,, — d^A^ + ilA^, A^] corresponding to the 1-form (A^^^ = dx'^A^) 
gauge field A/^ of the 4D non-Abelian gauge theory, respectively. Thus, this field theory does 
provide a topological mass to the 1-form gauge boson without taking any recourse to the 
basic tenets of Higgs mechanism. This observation is important in view of the fact that the 
Higgs particles have not yet been observed experimentally. 

We have studied the 4D massive topological Abelian gauge theory within the framework 
of BRST formalism where the superfield technique has played a very decisive role [9]. Its 
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straightforward generalization to the 4D massive topological non-Abelian theory is non- 
trivial as it is plagued by some strong no-go theorems [10,12]. There are, however, a couple 
of models for the massive topological non-Abelian theory [5,13] which circumvent the severe 
strictures laid down by the above no-go theorems. In our present investigation, we focus on 
the dynamical non-Abclian 2-form gauge theory [13] and exploit its inherent "scalar" and 
"vector" gauge symmetry transformations within the framework of geometrical superfield 
formahsm (see, e.g. [14-17]). In particular, we derive the off-shell nilpotent and absolutely 
anticommuting (anti-)BRST symmetry transformations corresponding to the "scalar" and 
"vector" gauge symmetries of the theory by exploiting the geometrical superfield formalism 
[14,15]. In our earlier work [18], wc have deduced the coupled Lagrangian densities that 
respect the (anti-)BRST symmetry transformations corresponding to the "scalar" gauge 
symmetry of the theory. In our present investigation, we derive the coupled Lagrangian 
densities that are found to be equivalent and respect the (anti-)BRST symmetry transfor- 
mations corresponding to the "vector" gauge transformations of the theory. 

Our superfield formahsm leads to the derivation of three (anti-)BRST invariant CF-type 
restrictions that enable us to derive the equivalent coupled Lagrangian densities and lead 
us to achieve the absolute anticommutativity property of the (anti-)BRST symmetries. The 
emergence of the CF-type restrictions is an essential ingredient of the application of our 
superfield formulation to any arbitrary p-form gauge theory. Its deep connections with the 
concept of gerbes have been established in our earlier works for the Abelian 2-form and 
3- form gauge theories [19,20]. One of the key features of our superfield approach is the 
observation that the ensuing CF-type restrictions are always (anti-)BRST invariant. In fact, 
in our present endeavor, we have been able to capture the (anti-)BRST invariance of the 
CF-type restrictions in the language of superfield formalism itself (see. Sec. VI below). 

In our present paper, we also obtain the off-shell nilpotent (anti-)BRST symmetry trans- 
formations where the (anti-)BRST symmetry transformations, corresponding to the "scalar" 
and "vector" gauge symmetries, are combined together. We christen these symmetries as 
the "merged" (anti-)BRST symmetries. As it turns out, these "merged" (anti-)BRST sym- 
metries, even though off-shell nilpotent, arc found to be not absolutely anticommuting. As 
a result, they arc no^ linearly independent and, thus, arc not proper in the true sense of the 
word. We derive, furthermore, the BRST and anti-BRST invariant Lagrangian densities that 
respect the "merged" BRST and anti-BRST symmetries separately but they do not respect 
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these symmetries together (because of the fact that the "merged" (aiiti-)BRST symmetries 
are not absolutely anticommuting in nature) . To obtain the absolute anticommutativity of 
the above (anti-)BRST symmetry transformations remains an open problem for us which 
we hope to address in the future by exploiting the geometrical superfield formalism. 

Our present study is essential on the following grounds. First and foremost, it is very 
important for us to generalize our earlier work on the topologically massive Abelian gauge 
theory [9] to the case of non-Abehan theory. Second, the anti-BRST symmetry trans- 
formations have not been obtained in [7,13]. As a consequence, the requirement of anti- 
commutativity property with the BRST transformations has remained an open problem. 
Third, having derived the proper (anti-)BRST symmetry transformations corresponding to 
"scalar" gauge transformations [18], it is but natural for us to obtain the off-shell nilpotent 
and absolutely anticommuting (anti-)BRST symmetry transformations corresponding to the 
"vector" gauge transformations by exploiting the geometrical superfield formulation [14,15]. 
Fourth, it is interesting to observe that the three CF-type restrictions emerge from our su- 
perfield approach that enable us to obtain absolutely anticommuting (anti-)BRST symmetry 
transformations for the "scalar" and "vector" gauge symmetries of the theory. Finally, we 
obtain the "merged" (anti-)BRST symmetry transformations from the above (anti-)BRST 
symmetries that are off-shell nilpotent but not absolutely anticommutating in nature. 

The contents of our present paper are organized as follows. In Sec. II, to set up the basic 
notations, we give a brief synopsis of the local "scalar" and "vector" type gauge symmetry 
transformations that are present in the theory. For our paper to be self-contained and 
to fix-up the super symmetric notations, our Sec. Ill deals with the derivation of off-shell 
nilpotent (anti-)BRST symmetry transformations corresponding to the "scalar" gauge 
symmetry within the framework of superfield formulation [18]. In Sec. IV, we apply the 
superfield formalism to deduce the (anti-)BRST symmetry transformations corresponding 
to the "vector" gauge symmetry transformations where the horizontality-type restriction 
plays an important role. Our Sec. V is thoroughly devoted to the discussion of (anti-)BRST 
invariance of the coupled Lagrangian densities as well as the CF-type restrictions. These 
invariances are captured within the framework of superfield formalism in Sec. VI. Our 
Sec. VII deals with the off-shell nilpotent (anti-)BRST symmetries that correspond to the 
"scalar" and "vector" gauge symmetries when they are merged together. Finally, we make 
some concluding remarks and point out a few future directions for investigations in Sec. VIII. 
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In our Appendix, we capture the no-go theorem, proposed in [10], within the framework 
of our present geometrical superfield formahsm. 

Conventions and notations: We follow here the conventions and notations such that the 
background 4D Minkowski spacetime manifold has the fiat metric with signatures (+1, -1, 
-1, -1) and the generators of the SU{N) group obey the Lie algebra [r",r''] = i/^^cj-c 
with structure constants /"^"^ (chosen to be totally antisymmetric in indices a, b and 
c where a,h,c.... — 1,2,...N'^ ~ 1 )■ Iii the algebraic space, we adopt the notations: 
[V -W) = and {V x W)" = f^-^'^V^W for the sake of brevity. The 4D Levi-Civita 

tensor e^.u'qt, (with jJi.v.rj... = 0,1,2,3) satisfies s^urinS^"'''^ = -A\,e^^r,i^e^"''^'' = -?>\5l, 
etc., and £0123 = +1- We shall be using the above convention of dot and cross products 
throughout the whole body of our text in the description of our present SU(N) gauge theory. 

II. PRELIMINARIES: GAUGE SYMMETRY TRANSFORMATIONS 



We begin with the following basic Lagrangian density for the 4D topologically massive 
non-Abelian gauge theory with mass parameter m (see, e.g. [7,8] for details) 

1 1 Tn 

£(0) = -- F^^ • i^M^ + • H^-^ + T ^M^.^^"' • (1) 

where the 2-form F^^) = dA^^) + i A^^) A A^^) = ^{dx^' A dx'')F^^ ■ T defines the curvature 
tensor F^^ — d^Aj, — d„A^ — (A^ x A^,) for the 1-form (^4^^) = dx'^A^j, ■ T) gauge potential A^ 
and 3-form H^^'> — (dx'^ A dx^ A dx^) H^^j^ ■ T defines the compensated curvature tensor 
in terms of the dynamical 2-form (S^^^ — ^{dx^ A dx'^) 5^^) gauge potential 3^,, and the 
1-form (K^^^ = dx''' K^j, ■ T) compensating auxiliary field K^^ as 

Hl^n = + d,B^^^ + d,Bl^) - [{A, X B^^r + {A, X B^^.f + {A, x B^^f] 

- [{K^ X F^^Y + {K, X F^^Y + {K^ X F^^Y] . (2) 

The last term in the above Lagrangian density £(o) corresponds to the topological mass term 
where the curvature tensor F^j^ (corresponding to the non-Abelian 1-form gauge field) and 
the dynamical 2-form gauge field i^^j, are coupled together through S^^^ A F^^^ term. 



5 



The above starting Lagrangian density £(0) respects the usual infinitesimal "scalar" gauge 
transformations 5g corresponding to the non-Abelian 1-form gauge theory. In fact, under 
this transformation, the relevant fields of (1) (and (1) itself) transform as [13] 

SgHf^^rj = -{Hf,^^ X n), 5gK^ = -{K^xn), dgC^o) = 0, (3) 

where Q — Q - T is the infinitesimal SU (A^)-valued "scalar" gauge parameter. It is evident, 
from the above equation, that the basic Lagrangian density (1) remains invariant under Sg. 

In addition to (3), there exists an independent vector gauge symmetry transformation Sy 
(parametrized by a 4D vector infinitesimal gauge parameter = • T), under which, the 
fields of the above Lagrangian density £(0) transform as (see, e.g. [13]) 

5yA^ = 0, 5yK^ = -A^ , 5yB^^ = -{D^A^ - D^A^), d^F^^ = 0, d^H^^r^ = 0. (4) 

It is straightforward to check that the Lagrangian density (1) transforms to a total spacetime 
derivative under (4). This can be mathematically expressed as 



£'^'''"'A,-((?,A,-^A, xA,)]. (5) 



Thus, the action integral of the present theory would remain invariant under the above 
local, infinitesimal "vector" gauge symmetry transformations. 



III. "SCALAR" GAUGE SYMMETRY TRANSFORMATIONS AND 
SUPERFIELD FORMALISM: A BRIEF SKETCH 

For the paper to be self-contained, we discuss here the bare essentials of the key ideas 
that have been exploited in our earlier work [18]. It is to be noted that, under the "scalar" 
gauge symmetry transformations (3), the kinetic term corresponding to the 1-form gauge 
field remains invariant [i.e. 5g {F'^'^ ■ F^i,) =0]. As a consequence, when we generalize the 
4D ordinary theory onto the (4, 2) -dimensional supermanifold, we invoke the horizontality 
condition that, ultimately, implies the following gauge invariant equality [14] 

- ^ j-^^(x, e, 9) ■ Fmn{x, e,e)^--^ f^^^ ■ (6) 
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where the super-curvature tensor Tmn on the supermanifold is defined through the super 
2-form J^(2) = i. (^^M 1^ ^^N^ = ^ • ^(1) ^ rpj^g j^^Q^g 2)-dimensional 

supermanifold is parametrized by the super space variables = (x^, 6, 6) and the nilpotent 
{d? = 0) super exterior derivative d and super 1-form connection A^^"^ are defined as [14] 

d = dZ^'dM = dx^" + dede + dO dg, dM = {d^, de, dg), 

^(1) _ dz^AM = dx^ Bf,{x, e, 6) + de j^{x, e, e) + de ^{x, e, e), (?) 

where the superfields B^{x, e, e), ^{x, e, e) and ^{x, e, e) are the generalization of the 1-form 
gauge field A^{x), ghost field C{x) and anti-ghost field C{x) of the BRST invariant ordinary 
4D non-Abelian gauge theory [21] onto the (4, 2) -dimensional supermanifold. 

The above statement is corroborated by the following expansions of the superfields along 
the Grassmannian directions e and e of the supermanifold (see, e.g. [14]) 

B^(x, e, e) = A^{x) + e r^{x) + e r^{x) + iee s^^ix) 

^ A,{x) + e + e + e e 

T{x, e, 0) = c{x) + ie Bi{x) + ie Bi{x) + ie s{x) 

^ c{x) + e [s^2c{x)) + {s^^^cix)) + e e (s^^^s^2c{x)) , 
T{x, e, e) = c{x) + i e B2{x) + % e B2{x) + iee s{x) 

^ c{x) + e + e (4' ^^(^)) + e e [s^h^^cix)) , (8) 

where the secondary fields {R^{x) , R^{x) , s{x) , s{x)) are fermionic and the other secondary 
fields {S^{x), Bi{x), Bi{x), B2{x), B2{x)) are bosonic in nature. These secondary fields are 
determined in terms of the basic and auxiliary fields of the ordinary 4D non-Abelian 1- 
form gauge theory by exploiting the mathematical power of horizontality condition (HC). 
It should be noted that, in equation (8), we have identified the (anti-)BRST symmetry 
transformations, corresponding to the usual "scalar" gauge symmetry transformations, by 
the standard notation (see e.g. [18-20]). In fact, the HC (i.e. J^^^^ — F^^^) leads to the 
derivation of the following relationships [14] 

R^ = D^C, R^ = D^C, B, = -'-{CxC), s=-{B,xC), 

= D^B2 + 1 {D^C xC) = -D^B, -i{Cx D^C), 
B2^-'-{CxC), Bi + B2^-i{CxC), s^-{B2xC). (9) 

7 



If we make the identifications: Bi — B,B2 — B, the above Curci- Ferrari (CF) restriction 
Bi + B2 — —i (C X C) changes over to B + B — —i (C x C). This condition plays an 
important role in the proof of the absolute anticommutativity of the (anti-)BRST symmetry 
transformations for the 4D non-Abelian 1-form gauge theory (e.g. {sl^K sl^i!}Afi = only 
when B + B = —i [C X C)) . Furthermore, the above CF condition leads to the existence of 
coupled Lagrangian densities for the theory. 

The insertions of the above values of secondary fields in (8) leads to the derivation of the 
off-shell nilpotent and absolutely anticommuting (anti-)BRST symmetry transformations 



s 



i% = D^C, s^^^C^hcxC), s^^^C = zB, s^^^B = 0, 



si^^B ^ -{B X C), s^,^A, = D,C, = ^{C x C), 

^^l!C = ^B, .i;)5 = 0, s^^,^B = -{BxC), (10) 

because the following mapping is valid between the translational generators {dg, d§) along 
the Grassmannian directions and the (anti-)BRST symmetry transformations, namely; 

lim t eW(x,^,^1 = E(x), lim ^ EW(x,^,^1 = E(x), (11) 

where the superscript (h) on the generic supcrficld 'E{x,6,6) denotes the corresponding 
superfield obtained after the application of the HC and the 4D generic local field S(a;) 
corresponds to the local fields of the 4D ordinary non-Abelian 1-form gauge theory. The 
(anti-)BRST symmetry transformations on the auxihary fields B and B in (10) have been 
derived due to the requirement of absolute anticommutativity between s^'' and s^^^ . 

The spacetime component of the super-curvature tensor Tmn, after the application of 
the HC, is 7ltJ{x,e,e) = d^,&u^ - d^Bf''^ + i[B\^\B''^\ This can be written, using the 
expansion for B'^\x,6,6) (from equation (8)) as follows: 

j-w (x, e, 0) ^ F^,-e (F^, xC)-e{F^,xC) + ee [{f^, xC)xc -i f^^x b] 

^ F,.{x) + 9 [s^^^F,^{x)) + e (s^^^F,,{x)) + e e (s^^s^^F,^{x)) . (12) 

The above expression implies clearly that the kinetic term remains invariant under the 
horizontality condition {-l^f"'^''\x,e,e) ■ TS}{x,e,e) = -\F^''' ■ F^^). Furthermore, the 
above expansion yields the (anti-)BRST transformations for the curvature tensor F^j, as 

= -{F,u X C), s«F^. = -(F^. X (7), 
Sb^s^abF^.u ={F^,xC)xC-i F^, x B. (13) 



It is interesting to note that we have the gauge-invariant quantities that incorporate the cur- 
vature tensor F^j,. For instance, it can be checked that 5g (3^^^, ■ F^,^) — 0, 5g {K^^ ■ F^,^) — 
under the transformations (3). As a consequence, these remain invariant when we gener- 
ahze the 4D local fields onto the (4, 2) -dimensional supermanifold with the corresponding 
superfields. Thus, we propose the following gauge-invariant restrictions (GIRs) [18] 



(14) 



as the analogues of the gauge invariant horizontality restriction (6). 

We take the expansions of the superfields B^^{x,9,9) and )Ci^{x,9,9) along the Grass- 
mannian directions of the (4, 2)-dimensional supermanifold as 



B^,{x, 9, 9) = B^,{x) + 9 R^,{x) + 9 R^,,{x) +i9 9 Sf,,{x), 
lC^{x, 9, 9) = K^{x) + 9 P^{x) + 9 P^{x) +i9 9 Q^{x), 



(15) 



where the secondary fields {R/^u, Rfii^, Pti, Pfj) are fermionic and {Sfj,,^, Qfj) are bosonic in 
nature. It is straightforward to check that the following relationships ensue from (14): 



R 



-{B^, X C), R^, = -{B^, X C), S^, = -{B^, xB)-i {B^, xC)xC\, 



= -{K^ X C), P^ = -{K^ X C), Q^ = -{K^ xB)-i \ {K^ x C) x . (16) 

Taking the help of mapping in (11), it is clear that we have the following off-shell nilpotent 
and anticommuting (anti-)BRST transformations for the relevant fields 

^Hfj^i^fj — —{Hfj^i^fj X C), ^Bfj^jj — —(B^i, X C), = ~{Kix x C), 

iH,,,xC), s^2b,.^-{B,u^C), s^2k,^-{K,xC), (17) 



where the transformations for the curvature tensor H^^^ have been derived from the following 
expansion (where the expansions of constituent fields have been taken into account): 

i^,0,9) = H,,,ix) - 9 [{H^,, X C)ix)] - 9 [{H^,, x C){x)] 



+ 99 



^{H^^r, xC)xC -i H^^r, X B^{x) 

^ + {s^^^H,^,{x)) + 9 9 {s^^^s^^H,^,{x)). 



(18) 



Here the superscripts {g, h) denote the expansion derived after the application of the GIRs 
and HC. Thus, we have derived all the (anti-)BRST transformations for all the fields. 



Before we wrap up this section, we would like to lay emphasis on the equations (10), (13) 
and (17) which encapsulate all the off-shell nilpotent and absolutely anticommuting (anti-) 
BRST symmetry transformations corresponding to the "scalar" gauge transformations (3) 
of the theory. A key point, in our whole discussion, is worth noting. We are theoretically 
compelled to go beyond the application of the HC and we are forced to invoke some GIRs 
(cf. (14)) in order to obtain the whole set of (anti-) BRST symmetry transformations in 
the context of a gauge theory (where there is no interaction with matter fields). This is a 
new observation in the context of superfield formulation of a gauge theory without matter 
fields. In our earlier work [17], the coupled Lagrangian densities have been derived that 
respect the (anti-)BRST symmetry transformations Usted in (10), (13) and (17) together. 
As a consequence, we do not elaborate on these issues in our present section. 

IV. "VECTOR" GAUGE SYMMETRY TRANSFORMATIONS AND 
SUPERFIELD FORMALISM: A DETAILED DISCUSSION 

It is evident from equation (4), corresponding to the "vector" gauge symmetry transfor- 
mations, that the field A^, curvature tensors F^j, and H^,jj^ are gauge invariant quantities 
(i.e. 5vA^ = 0, SvF^^ = 0, = 0) . As a consequence, they remain mvahan^ when we 

generalise the 4D ordinary theory onto a (4, 2)-dimensional supermanifold. Mathematically, 
the above statement of gauge invariant restrictions (GIRs) can be expressed as: 

^(1)^^(1)^ ^(2)^^(2)^ 7i(3)=i/(3). (19) 

As a result of the above equality, we have the following relationships from the first two gauge 
invariant restrictions (cf. expansions in (8)) 

Blf\x,e,e) = A^{x), p3\x,d,d) = 0, T^'\x,e,d) = o, 

- a.^(f) + 1 [B^\ ^(^)] = F,,{x), (20) 

where the superscript (g) on superfields corresponds to the restrictions that have been ob- 
tained after the applications of GIR (cf. 19). The l.h.s. and r.h.s. of the third GIR of (19) 
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can be expressed as follows: 

n^'^ = JB(^) + i {A^'^ A - B(^) A + i (^(^) A F(2) - F(2) A ^(^)), (21) 

where it is elementary to check that H'^^^ produces the curvature tensor (2). In the above, 
we have taken A^^^ — A^^^ and J"^^) = F^^^ (cf. 19) and other expansions are [22] 

= dx" iCf,{x,e,e) + de j'i{x,e,e) + de :Fi{x,e,e), 

= 1 (dZ^ A rfZ^) Bmn{x, e, 9) 

= ^ {dx" A dx") Bf,^{x, e, 9) + {dx'' A d^) #'^(x, ^, ^) 
+ (dx" A d9) T^{x, 9, 9) + {d9 A d^) $(x, 9, 9) 

+ {d9 Ad9)Xx,0,9) + {d9 Ad9) P{x,9,9). (22) 

The above multiplet superfields in the expansion of B^^^ and JC'^^^ are to be expanded along 
the Grassmannian directions 9 and 9 in terms of the basic fields -B^^, (5^, C^, 0, /3, /3 of 
the BRST invariant non-Abelian 2-form gauge theory [22] and (anti-)ghost fields Ci and Ci 
corresponding to the compensating auxiliary field Kfj_. Consistent with our earlier work [22], 
we have the following expansions for the superfields in addition to (15) and (22): 



J^fj,{x,9, 


^) 


= C^{x) + 9 B^^\x) + 9 bW(x) +i9 9 S^{x), 


T^{x, 9, 


^) 


= Ci,{x) + 9 Bj^\x) + 9 Bf\x) +i9 9 S^{x), 


^{x,9, 


9) 


= 0(,t) + 9 fi{x) + 9 j\{x)+i9 9 bi{x), 


P{x,9, 


^) 


= P{x) + 9Mx) + 9 h{x) +i99 h{x), 


P{x,9, 


^) 


= ~^{x) + 9 Ux) + 9 h{x) +i9 9 hix), 


^i{x,9, 


^) 


= Ci{x) + i 9 R{x) + i 9 R{x) +i9 9 si(x). 


^i{x,9, 


^) 


= Ci{x) + i 9 S{x) + i 9 S{x) + i9 9 si{x), 



where all the secondary fields on the r.h.s. of the above super- expansion would be 
determined in terms of the basic and auxiliary fields of the 4D ordinary theory by 
exploiting the horizontahty-type requirement {W^^ = H^^^). The secondary fields 
{Sn, S^, fi, /i, /2, /2, fs, /s. Si, Si) and (S^^^ bI^\ Bf\ Bj^\ bi, 62, &3, R, R, S, S) are fermionic 
and bosonic, respectively. 
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To obtain the explicit expressions for the secondary fields in terms of the basic fields and 
auxihary fields, we have to express each term of w-^^ (cf. 21). The first term is 

= 1 [dxi" A dx"" A dx"^) {d^B^r, + d^Br^^ + 9^4^) + {de AdOA dO) (aj) 
+{de AdOA de) {dip) + {de Add A de) {de~P + de^) + {de Ade A de) {dS + <9e$) 
+{dx'' Ade A de) {d^p + d-eP^) + ^ {dx'' A dx-" A de) {d^h - d,P^ + deB^,) 
+{dx^' Ade A de) {df,^ + deF^ + de?^) + {dxi" Ade A de) {dj + deJ"^) 
+^ (dx^ A dx" A de) {d^K - d,f^ + d-S^.). (24) 

The second term of the super 3-form w^^^ is given by 

i [(A(^) A BP-^) - {BP-^ a A(^))] = - ^ {dx*" A dx"" A dx') \{A^ X B,^) 

+ X B^^) + {A^ X 4,)] - ^ {dx^ A dx" A de) [{A^ X h) - (A X P^)] 

- ^ {dx^" A dx"" A de) [{A^ X T^) - {A^ X F^)\ - {dx^ Ade A de) (A^ X $) 
-{dx^ Ade A de) {A^ x ^) - {dx^ Ade A de) {A^ X /3). (25) 

The last term of the "H^^^ is as follows 

i[(K;(^) A f(2)) - (f(2) a k:^^^)] = {dx^ A dx'' A dx'') [{k:^ x f,^) 

+{IC, X F^^) + {iCr, X F^,)] - i (dx^ A dx' A de) (^1 X F^,) 

(c^x^ a dx"" A de) {Fi X F^^) . (26) 

In the requirement of HC, the sum of (24), (25) and (26) produces the super 3-form 'HS^^ 
The key point is the fact that gauge invariant curvature tensor 11^1,^^ remains unaffected due 
to the presence of the Grassmannian variables e and e. As a result, we set equal to zero 
the coefficients of all the differentials of the super 3-form that incorporate the differentials 
of the Grassmannian variables (i.e. de and de). To achieve this goal and to pin-point all the 
differentials that incorporate the Grassmannian variables, we have to have a close look at all 
the differentials on the r.h.s. of (24), (25) and (26). Mathematically, it means that we have 
to set the coefficient of differentials {dxi^ A dx" A de) , {dx" A dx" A de) , {dx'' Ade A de) , {dx^" A 

de A de) , {de Ade a de) , {dx" Ade a de) , {de Ade a de) , {de Ade a de) , {de Ade a de) equal to 
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zero. These leads to the following nine relationships amongst the multiplet superfields 



D^^Ti, - D^J^^ + deB^„ + i J^i, =0, 

D^^ + d-e^^ + deP,. = 0, D^P + dsF, = 0, deP = 0, 



(27) 



It is evident that the above relations would provide us connection between the secondary 
fields of the expansions in equations (15) and (23) and the basic as well as auxiliary fields 
of the ordinary 4D topologically massive non-Abelian gauge theory. 

Let us take up the relations (i.e. dg^ + dgP — 0, dg^ + dgP — 0, dgP — 0, dgP — 0) and 
see their consequences. It turns out (cf. (27)) that we obtain the reduced form of and 
$ (with 6i = 62 - &3 = /2 = /3 = and fi + fs ^ 0, /i + = 0) as 



¥^\x,0,0) = (i){x) + 0{- Mx)) + e{- Mx)). 

Making the choice fs — — fi — p, /i = — /2 = A, we obtain 

P^''\x, 0, 0) = (5{x) - A(x), |('')(x, 0, 0) = ^{x) + p{x), 
^^'^\x,0,0) = (f){x)-0 p{x) + X{x), 



(28) 



(29) 



where p{x) — p{x) ■ T, X{x) — X{x) ■ T and the superscript (r) denotes the superfields that 
are obtained after the application of HC. In our further computations, we shall be exploiting 
(29) for the superfields f3, P and l» in their reduced form. 

Now we take the relations i^^i/^^^^ + dgj^fj, = and D^/S^'^^ + dgT^ = 0. These lead to: 



(1) 



(2) 



Dn/3, Sfj, = i D^p. The substitution of these makes 



J^^ — >■ , ^ J^^ as given bellow: 

T^;\x,0,0) = C^{x) + 0B^^\x) + 0[-D^(5{x)]+0 0[-D^X{x)l 
0, 0) = C,{x) + [- D,'P{x)] + B;^\x) +0 0[- D,p{x)]. 



(30) 



We focus now on the relationship -D^^^''^ + dgj^j^ + d§T^ — 0. An exphcit computation 
results in the following Curci-Ferrari (CF) type restriction 



S(2) + 5(1) + L>^<^ = 



B. + B. + D.<P = 0, 



(31) 
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where we have identified B^^^ — B^ and S^^^ = B^. Next, we take up the top two relations 
of equation (27) which can be expressed, as: 



(r) 



^ (r) ^ (r) 

D T - D T 



deB^u + i 



•F 1 ) 

•F 1 , Fyi^y 



= 0, 
= 0. 



(32) 



Appropriate substitutions imply the following 

-R/it/ = — {D^C^ — D^Cfj) + Ci X F^„, R^y = — {D^C„ — D^Cn) + Ci x F^„, 
S^, = -i (D^B, - D^B^) -RxF^, = i {D^B, - D,B^) + Sx F^,, 
R — i (3, si — i X, S — i si — ip. 



(33) 



It is very interesting to note that the equality of S^,,, in the above, produces another CF-type 
constraint that exists amongst the auxiliary fields and scalar field as 



R + S 



B, + B, 



(34) 



where we have identified R — Bi and S — B^. We have also used the CF-type constraint 
(31) in the derivation of the above relationship from the equality of Sfj,i, (cf. (33)). 

Finally, we devote our attention to the comparison of the coefficients of the spacetime 
differentials {dx'^ A dx'^ A dx'^) from the l.h.s. and r.h.s. of the HC (i.e. T^^^^ = i?^^)). The 
above requirement yields the following relationship 



(r) 



K F 



— Dfi^vri ~l~ DjjB^ij^ -\- D^jB fj^i, -\- i K^^ F^,^ 



+ i 
+ i 



K F 
K F 



+ i 



K F 



K F 



(35) 



where we have adopted the notation D^B„j = 
exploiting relationships (33), it can be seen that 



X Bi,n, etc. In the above, by 



m{x, 9, 9) = B^,{x) + 9 \-{D^C, - D,C^) + Ci x F^, 



+ 9 



+ C^xF. 



+ 99 



{D^B,-D,B^)-iB,xF, 



(36) 



It is evident from (35) that the l.h.s. has terms that have coefficients of 9, 9 and 99. The 
r.h.s., however, has no such terms. Thus, these coefficients have to be set equal to zero. This 

restriction leads to the following relationships amongst the secondary fields of the expansion 
oi }C^^\x,9,9) (cf. (15) ) and the (anti-)ghost and auxiliary fields, namely; 

P^ = D^C^-C^, P^ = D^C,-C^, Q^ = -{D^B, + iB^) = {D^Br + iB^). (37) 
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In the above comparison and derivation, we have used 



DfxFu'q -\- DuF^in -\- DjjFfj^i/ 0, 



(38) 



which is true for any arbitrary SU(N) gauge theory in any arbitrary dimension of spacetime. 

The apphcation of the horizontahty type restrictions {T-l^^^ — H^^^) leads to the following 
super expansions for all the superfields of the theory: 



+ e 
+ ee 



D^C,{x) - D,C^{x)) + Ci(x) X F^,{x) 

-iBi{x) X F^^{x) 



x] 



D^B,{x) - D,B^{x 



B^,{x) + e (4?s^,(x)) + d (sf~^B^,{x)) + e e 



s^^h^^^ B 



~ (h) 



x,0,0) 



x,e,e) 



¥^\x,e,e) 



P,'\x,e,. 



c^{x) + e B^{x) + e [- D^p{x)j + e e[-D^\{x) 

C,{x) + e [s^^iC.ix]) + 9 [sf^C,{x)) + 9 9 [sf\^ic,{x)) , 
C,{x) + 9 (- D^Pix)^ + 9 B^{x) + 9 9 D,p{x)) 
C,{x) + 9 (.l?C,(x)) + 9 [sf^C,{x)) + 9 9 (4'^4?C^(x)) , 
m + (-A(x)) 

m + e (4?/3(a;)) + 9 (sf^m) + 9 [sfU^^ (5{x)), 
P{x) + 9p{x) 

m + + d{s^^^m) + o{s^^h^^^p{x)) , 

(P{x) + 9 (- p{x)) + 9 \{x) 



m + 9 ( s2V(a;)) + 9 {sfKy., , ^ ^ ^ y^, ^at> 



x)]+9 9 is^^h'^^Uix)), 



Ci{x) + 9 i^i Bi{x)j +9 i^ - /3(x)j + 9 9 (^-A(x) 
^^i(^) + {s^^C^ix)) + 9 (s^^^C^ix)) + 9 9 (4'^4?Ci(a; 
Ci(x) + 9 (- P{x)) +9 (i B^{x)) + 9 9 (-p{x 



Ci{x) + 9 {s^^C,{x)) + 9 {sPc,{x)) + 9 9 {s^s'^^Cix 



K;(f)(x, 9, 9) = K^{x) + 9 {d^C,{x) - C^ix)) + 9 (d^C^{x) - C^{x)) 
+ 9 9 (iD^B^{x)-B^{x)) 

^ K,{x) + 9 {s^^K,{x)) + 9 {sf^K,{x)) + 9 9 (sf\^^K,{x)) , 
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(39) 



where, in the above uniform expansions, we have taken into account some obvious trans- 
formations sf^P — 0, s^^^P — 0, sp^s^^V — 0, etc. Thus, the horizontahty-type condition 
(ii^^) = leads to the derivation of all the (anti-)BRST symmetry transformations for 

all the basic fields {Bfj^y, C^, C^, (3, (3, 0) as well as the compensating field K^lx) along 
with its associated ghost field Ci{x) and anti-ghost field Ci{x). 



V. (ANTI-)BRST SYMMETRY INVARIANCE: CURCI-FERRARI TYPE 
RESTRICTIONS AND COUPLED LAGRANGIAN DENSITIES 

It is evident, from the previous Sec. IV, that we have the following off-shell nilpotent 

(2) 

and absolutely anticommuting (anti-)BRST symmetry transformations s^^j^ corresponding 
to the "vector" gauge symmetry transformations Sy (cf. (4)); namely; 

= - {D^C, - D,C^) + Ci X F,,, s^C^ = -D,P, 
s^^^C^ = B^, sf^B^ = i A, sf^C^ = i Si, s'i^B^ = -D^\ 
sf^K, = D,Cr - C^, V = A, sf^C, = )^ = p, 

sf\A^, F^,, H^,^, /3, Si, p, A, B^] = 0, (40) 

= - iD^.C, - D.C,) + Ci X F,,, s^;iC, = -D,~p, 
s^^C, = B„ sf^B, = D,p, s^^Ci = I Bu sfU = "P, 

4?^ = -A, s^;i[A,, F,,, H,,,, Si, p, A, SJ = 0. (41) 

It is interesting to check that the above (anti-)BRST transformations are absolutely anti- 
commuting on the constrained surface defined by the CF-type restrictions 

B + B^-i{C xC), B, + B,^i(f>, B^ + B^^-D^cf>. (42) 

(2) (2) (2^ (2) 

For instance, it can be checked that {si , jS^;^ = and {s^ , syji^"^ = if and only 
if the last two CF-type conditions, from the above, are satisfied. Furthermore, it is pretty 
straightforward to check that s^^j^fSi + Bi — i (f)] — 0, s^^j^^fS^ + 3^ + D^cf)] — under the 
above (anti-)BRST symmetry transformation (cf. (40) and (41)). 
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Exploiting the (anti-)BRST symmetry transformations from (40) and (41), we can derive 
the coupled Lagrangian densities for our present 4D theory as 



1 1 



m 



^ab ^b 



2P-P + C^-C^- -B'^" ■ B^, 



(43) 



In general, one can choose, in the square brackets, terms like {A^ ■ A^), (0-0). The first 

(2) 

term, however, does not yield anything because s^J^f^Af^ = and the second term produces 

the same expression as one gets from (/3 • /3). Note that we have not taken {Ci ■ Ci) in the 

above bracket because its mass dimension is zero whereas the mass dimension of the other 

terms in the brackets (with ghost number zero) is two. The explicit forms of the above 

Lagrangian densities, that respect the above (anti-)BRST symmetry transformations, are 

1 1 Tn 

Cb, = -^F'^^ • F,, + -H^''^ ■ H,,, + -e,,,.B^'' ■ F^^ + B^^ ■ B, 

- ^ S'^^ • {B, X F,,) - {D.B^-' - D^cl>) ■ B, + Dj ■ D^^^ 

^ \d^C, - D^C^) - Ci X F^,] • [{Df^C - D^C^) - Ci x F^" 



+ 



1 1 771 

— F^"^ ■ F A H^"''^ ■ H 4- —F B^" ■ F''" 

— i-"- ■'- fj,i> ~ ^ ^ J^-i^ ut/n i <-■ uuriK-'-' ^ 
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B^ ■ 5„ 



+ -B''"- (Si X F^,) + {D^B''^ + D'^cj)) ■ B, + Dj ■ D^"^ 
+ p-{D,C^-\) + {D^C^-p)-\. 



(44) 



The transformations of the above Lagrangian densities under the (anti-)BRST transforma- 
tions can be expressed in terms of the total spacetime derivatives as: 



^ab '-Bi 



m e^^^'^C, ■ {dr^A, - ^A^xA,) + p-B>' + X-D''P 



+ {D^C" - D^'C^) ■ B, - (Ci X F^,) • B, 



- m s>"''"'C, ■ {d^A, - ^ X A,) + p • + A • S^ 



+ {Di'C'' - D^'C^) ■ B^ - (Ci X F^'') ■ B^j . 



(45) 
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This shows that the action integral, corresponding to the Lagrangian densities and Lb^ , 
remains invariant under the (anti-)BRST symmetry transformations. 

The above Lagrangian densities respect the (anti-)BRST symmetry transformations to- 

(2) (2) 

g ether hec£iuse it can be checked that si Cg^ and s\^Cb^ transform to the total spacctime 
derivatives plus terms that turn out to be zero on the CF-type restrictions (42). Thus, 
we conclude that the Lagrangian densities Cb^ and are equivalent on the constrained 
surface (in the Minkowskian spacetime manifold) described by the CF-type field equations. 

We close this section with the comment that all the CF-type restrictions (cf. 42) are 
(anti-)BRST invariant as it can be checked, using (10), (40) and (41), that we have 

sf^^, [B, + Si - i 0] = 0, sg, [B, + B, + D,<l>] = 0, [B + B + i(CxC)]^0. (46) 

Thus, in some sense, the CF-type restrictions (42) are "physical" conditions because they 
remain (anti-)BRST invariant under s^^j^ and s^^jj, and, hence, are gauge invariant. 

VI. INVARIANCE OF THE CURCI-FERRARI TYPE RESTRICTIONS AND 
LAGRANGIAN DENSITIES: SUPERFIELD FORMALISM 



First of all, we capture here the (anti-)BRST invariance of the CF-typc restrictions. To 
this end in mind, we note that when we set the coefficient of (rfx^ A d9 A dd) equal to zero 
due to horizontality-type restriction (7^*^^) = H^^^), we obtain the following relationship: 

+ + a, = 0, (47) 

where the superscript (h) denotes the expression of the corresponding superfields obtained 
after the application of the HC (i.e. "H*^^) = H^^^). The above relationship leads to the 
emergence of CF-typc restriction + i?^ + Dfjd) = from equation (47). 

As we have noted earlier (cf. (11)), the (anti-)BRST symmetry transformations s^^jj^ 
correspond to the translational generators along the Grassmannian directions (i.e. s^^^ — > 
8/ 86, s^^^ — > 8/86), the (anti-)BRST invariance of (31) can be proven by observing 

8e [D,^^'^ + 8-e~T^^^ + a, J-^] = 0, 

8-e [D,m + 8e~F^^^ + 9, J-^] = 0. (48) 
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Taking the help of expressions (39), it can be checked that 

de D^¥'^^ = - D^p, ded-e ^^^^ = D^p, 

do L'^l>('^) = D^X, d-ede P^^^ = - D^X. (49) 

As a consequence, it is elementary to check that the equations (48) arc trivially satisfied 

('2) ~ 

which, ultimately, imply the (anti-)BRST invariance: s|^j^ [B^ + + D^cj)] = 0. 

To capture the CF-type restriction Bi + Bi — i 4>, within the framework of superfield 
formalism, is a bit tricky. First of all, we note that when we set equal to zero the coefficients 
of {dx^" A dx'' A d9) and {dx^' A dx" A d9) in the equahty H^^^ = H^^\ we obtain 

= (h) - (h) -fi,-, ~ (h) 

D^F, -D,F^ +deB^S+i[F^ ,i^^.]=0, (50) 

D^J-^") - + d-e&^J + I [J-f \ F^,] = 0. (51) 

It should be noted that 1-form gauge field and the corresponding 2-form curvature tensor 
F^Tj do not transform under As a consequence, we have taken Flt\x,9,6) = F^j^(a;). 

Applying dg on (50) and Oq on (51) and summing them up, leads to the following 

L>^(9,7-W + do^t) - + 9,-^^) + i ) + d§pf\F,,] = 0. (52) 

The substitution of the equation (47) yields the following relationship: 

deFi"^ + d§^t^ ^ - ¥''1 (53) 

The insertion of the expressions for the superfields from (39), leads to the derivation of 
Bi + Bi — i (f). It is now elementary to check that the application of dg and dg on (53) 
produces zero result. As a consequence, it becomes clear that s^^j^ {Bi + Bi — i (f)) — 0. 

Now we discuss the (anti-)BRST invariance of the third CF-type restrictions (^B + B — 
— i {C X C)^ within the framework of superfield formalism. This restriction emerges from 
the following equality (that results in when we set equal to zero the coefficient of {d9 A d9) 

+ - i { J-W, F^'^} = 0, (54) 

from the requirement of HC (cf. Sec. III). Exploiting the explicit form of the expansions 
(8), obtained after the application of the HC, namely; 

^ rl 



P''\x, 9, 9) = C{x) + 9 (^t B{x)^ + 9 [-(C x C){x) +9 9 -i {B x C)(a;)] , 
^^''\x, 9, 9) = C{x) + 9 \{Cx C){x)j +9{i B{x)) + 9 9 -i {B x C){x)j , (55) 
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it can be checked that the following relationships are true, namely; 



de [a^j-w + dir - 1 ^}] = o, 

d-e k + a,-^^'^ - i { J-C^), = 0. 



(56) 



where the following inputs (obtained from (8)) play important roles: 



- w 

dgder ^+i{BxC), 



dg\-i{T^^\r }] ^-i (BxC), 
dgl- I {J^(''),^^''^}1 =+i{BxC). 



(57) 



It can be verified exphcitly that the relations (56) are true. With our observations oi s^' ^ 
d/dO, sil^ ^ d/d9 (of. Sec. Ill), it is evident that the CF-condition {B + B = -i {C x C)) 
is an (anti-)BRST invariant relationship (i.e. + B + i [C x C)] = 0). 

We discuss now the (anti-)BRST invariance of the coupled Lagrangian densities of the 
theory within the framework of the superfield formulation. It is essential to recall that the 
kinetic term of the 1-form gauge field can be expressed in terms of superfield as : ( — ^F/^" (x) ■ 



F^u{x) = — jJ^^''^'^\x,6,9) ■ J^ltJ {x , 9 , 9) \ because of the horizontality condition (cf. Sec. 



III). In exactly similar fashion, the kinetic term for the 2-form gauge field can be expressed 



as: [^m'''i{x) ■ Hf,^^{x) = ^n'"''^^^\x,9,9) ■ nlli,{x,9,9)) because of our discussion in 



Sec. IV. It may be mentioned here that the kinetic terms are actually independent of the 
Grassmannian variables because of the application of HCs (as is evident from the above 
equahties). Thus, they are automatically (anti-)BRST invariant. 

The topological mass term can be expressed in terms of the superfields, as 



T{x) = - e^^"'^ B^^ix) ■ F,,{x) fix, 9,9)^- e'^^^'^ BfJix, 9, 9) ■ F,,{x). (58) 




After the substitution of the expansions from (39) for Bfj{x,9,9), it can be checked that 
the operation of de and/or on T(x, 9, 9) always produces a total derivative term. Mathe- 
matically, this can be stated in the following fashion: 



hm £ f (x, 9, 9) = -m d, \e^^^'^C, ■ {d,A, -\a^x A,)] , 

e^o 89 I 2 J 

hm 4 f{x, 9, 9) = -m V^'^^^C, ■ (a^A« -\a^x A^<\ , 

6t_^o o9 L 2 J 

^ —f{x, 9, 9) = +m [e^'^^'^B, ■ {d^A, '^K^ ^'.)] , (59) 
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where we have used the following results 

X Fn ■ = 0, wlC-i X F'^^) • F^- = 0, e^,r,n{Bi x F'^^) • F^^ = 0, (60) 

due to specific property of and totally antisymmetric nature of f"'^'^. We conclude 

that the kinetic terms of 1-form and 2-form gauge fields and topological term of the coupled 
Lagrangian densities remain (anti-)BRST invariant (modulo a total spacetime derivative). 

The total Lagrangian densities (43) can now be generalized onto the (4, 2)-dimensional 
supermanifold after the apphcation of the HC ("H*^^^ = -f^^^^), as 



d_ d_ 

^ d§de 



2 ^ • +F], ■ F^^^^ - -B^""^^^ ■ , (61) 



d_d_ 

dode 



~„r.^ 1^ 



2 . + j-^ \ j-MM _ . . (62) 



From our earlier discussions, it is clear that the operation of the generators d/dO and d/dO 
on the above expressions produces the zero result because of the nilpotency property {d^ — 
0, 9| = 0) and the anticommutativity property {de dg + dg de — 0) of the translational 
generators dg and d§. This observation captures the (anti-)BRST invariance of the coupled 
Lagrangian densities (cf. (43)- (45)) in the language of the superfield formulation because 
we observe that: deCs^ = 0, dgCBi = 0, dgC§^ = 0, d§Cg^ = 0. 

We close this section with the remarks that the CF-type restrictions, that emerge 
in our superfield formulation, are always (anti-)BRST invariant and they turn out to 
be responsible for the validity of anticommutativity property of the (anti-)BRST sym- 
metry transformations as well as the subtled existence of the equivalent, coupled and 
(anti-)BRST invariant Lagrangian densities for the theory. The existence of the CF-type 
restriction and their connections with the concept of gerbes are the specific features of 
our superfield approach to BRST formalism. Geometrically, the (anti-)BRST invariances 
are the CF-type restrictions as well as the coupled Lagrangian densities are the specific 
collection of superfields (obtained after the HC and the super derivatives on them) such 
that their translation along the Grassmannian directions 9 and/or 9 produces the zero result. 
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VII. (ANTI-)BRST SYMMETRIES CORRESPONDING TO "SCALAR" AND 
"VECTOR" GAUGE SYMMETRIES: A BIRD'S EYE VIEW 



The off-shell nilpotent set of our (anti-)BRST symmetry transformations sfj-^i,) 
responding to the "scalar" gauge symmetry transformation and "vector" gauge sym- 

(2) 

metry transformation (s^^j^)] obey the following algebra in their operator form: 





= 


= 0, 






= 0, 






= 0, 


„{2) J2) 
*fe "'aft 




= 0, 








J1)J2) 






„(1)„(2) 
*a6 *a6 


' ^ab ^ab 


7^0, 


„(1)„(2) 
"^6 




7^0 



(63) 



As a consequence, even though, separately and independently, the (anti-)BRST transforma- 

'Sb and J 



tions (s|^l and s^^L) are off-shell nilpotent as well as absolutely anticommuting, they do not 



anticommute with one-another (i.e. s|^j^ + s^^jj^ s^^J^^^ ^ 0). 

We can merge together the above off-shell nilpotent (anti-)BRST symmetries to generate a 
new set of off-shell nilpotent (anti-)BRST symmetry transformations. The ensuing "merged" 
off-shell nilpotent BRST symmetry transformations are as follows; 

SbB^. = - {B^, X C) - {D^C, - D,C^) + Ci X s^C = i B, 

s,K^ ^-(K^xC) + D^C, - C^, s,C^ ^-D^P + (C^ x C), 

s,C^ = B^, s,C=^{CxC), Sf,A^ = D,C, s,/3 = - {/3 x C) , 

SbH^,^^ = - {H^^^^xC), SbFi,^ = - (F^^xC), s^A = (A x C), 

SbCi^iBi, Sb(p ^ X- {(f) X C), SbB^^ -D^X- {Bf,xC), 

SbB = -{BxC), Sb^ = p, S6Ci = -/3 + (Ci xC), 

SbBi=i X-{BixC), Sb[p,B,Bi,Bi,j^O. (64) 

It should be carefully noted that the top two transformations, in the above, have been 
obtained due to the straightforward sum = s^^^ + as the fields 5^,^ and transform 
under both s^^^ as well as s^^\ The rest of the transformations in (64) have been obtained 
by the requirements of the off-shell nilpotency of SbB^jj and SbK^. It can be explicitly 
checked that the above BRST transformations are off-shell nilpotent (i.e. s^ip — for 
■0 = B^y, K^, C^, C^, B^, Bn, Ci, Ci, C,C,/3, /3, cj), F^^, H^^ri, -^i, -Bi, B, B, A, p). 
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In exactly similar fashion, one can merge the anti-BRST symmetry transformations s^^^ 
and s^^^ to generate a new set of off-shell nilpotent (s^^ = 0) anti-BRST transformations Sab- 
These anti-BRST symmetry transformations are as follows: 

SabBf,,. = - (S^. X (7) - (D^a - D,C^) + CiX SabC = i B, 

SabP = - X C), SabC = ^{C X C), SabBi ^ -i p - {B, X (7), 

SabAfj, = Df,C, Sab(t> ^ - p - {(/) X C), SabB^ = D ^p - {B^ X (7), 

SabCl = i Bi, Sab/3 = - A, SabP = {p X C) , SabB = - {B X C), 

SabK^ ^-{K^xC) + D^C, - (7^, SabCi = - ^ + ((7i X (7), 

SabH/^un = - (Hf^un X C), Sab A, B, Bi, S^j = 0. (65) 

It can be exphcitly checked that, for the generic field ■0, we have sl^ip — 0. This estabhshes 
that the above (anti-)BRST transformations are indeed off-shell nilpotent transformations. 

The above "merged" (anti-)BRST transformations S(a)b arc, however, not absolutely anti- 
commuting (i.e. Sab+Sab Sh 7^ 0). Thus, these transformations are noi linearly independent 
transformations. We can not obtain the coupled and equivalent Lagrangian densities that 
respect the above (anti-)BRST symmetries together. One can derive, however, the 
following BRST invariant Lagrangian density: 

1 1 77? / ? 

Cb ^ -^F^^- F,, + - H^''^ ■ H,,, + - s.^.nB^'' ■ F^^ + SbSab (- A, ■ 

+ C ■C+^<j)-4> + 2p-p + C^-C^ + B,-Bi-^B^'' -B^J^. (66) 

It is very important to note that the above terms in the parenthesis possess mass dimension 
equal to two and they carry the ghost number equal to zero. Furthermore, these terms 
provide the full gauge-fixing and Faddeev-Popov ghost terms for the theory. It is evident 
that the above Lagrangian density would respect the off-shell nilpotent BRST symmetry 
transformations (64) because of the off-shell nilpotency (i.e. sf) of Sb and invariance of the 
kinetic and topological mass terms of the Lagrangian density jCb under Sb- We have not 
taken the ghost number zero combination ((7i • Ci) in the above parenthesis because it has 
the mass dimension equal to zero in the natural units (where h = c = 1). 

To check the BRST invariance explicitly, the above BRST invariant Lagrangian density 
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(66) can be written, in its full blaze of glory, as 

-^B — -^(0) + -^(1) + -^(2), 



(67) 



where C{q) is the starting Lagrangian density (1) and >C(i) is the Lagrangian density that 
does not incorporate any type of (anti-)ghost fields, as given below: 



£(1) = B ■ {d^A^') + ^iB-B + B-B) + B^"'- {D^B, - x F^,) 
- iBi-{BixB)-B^- B". 

The Lagrangian density that incorporates the (anti-)ghost fields is given by 



(68) 



>C(2) = 



D^C X a + \Ci X (F^, X C) 



[B^"" X C) + {D^C' - D^C^) -CixF^ 



+ p 



Di.C -X-{(l)xC)-i{BixC) 
+ 2{pxC) + D^C^" -p + i{BixC)-2{pxC)\-X 

- {Bi X C) ■ {Bi xC)+ -C^xcj - - x C 

+ [{D^C xP) + {B^xC)-i {C^ X B)j -C^-C^- {B^ x C) 

- 2 X C) ■ X C) - 2 i X B) ■ p. 



(69) 



It can be checked (with the help of a bit of involved algebra) that the above Lagrangian 
density jCb transforms under the BRST transformations (64) as 



Sb J^i 



- m e^'^i'^C, ■ {dr,A^ --A^xA^) + B- D^^C + B^" ■ X 



+ p ■ Di'p - p-iC xC)-^ -{XxC) 



(70) 



This shows that the action, corresponding to the above Lagrangian density Cbi remains 
invariant under the BRST symmetry transformations (64). In an exactly similar fashion, 
one can write the following Lagrangian density 
1 „„., „ 1 



I I / 7 

= -| F^'' + ^ H'^"" ■ H,,^ + - e,,,.B'^^ ■ F^^ - Sa^s^ (- A, ■ A^ 
+ C-C+l<j)-<j) + 2^-p + C^-C^ + Bi-B,-] B^^ -B^^y 



(71) 

that would respect the nilpotent anti-BRST symmetry transformations Sab (cf. (65)) because 
these symmetries are off-shell nilpotent (i.e. s^^ = 0) and the kinetic and topological terms 
of the theory are gauge and anti-BRST invariant by construction. 
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To check the anti-BRST invariance exphcitly, it can be seen that the above Lagrangian 
density (71) can be clearly written, in three parts, as given below 



(72) 



where £(o) is the starting Lagrangian density (1) and C[p) is the part that does not incorpo- 
rate the (anti-)ghost fields. The latter can be written as 



£(6) ^ -B- {d^A^) + ^{B-B + B-B)-B^''- [d^B, '^i^.x F^,) 
+ i Bi- (BiX B) - B,,- Bi". 



(73) 



The Lagrangian density >C(c) in (72) contains all types of (anti-)ghost fields as given below 



'(c) 



i d^C ■ Df'C + B"^ 



D^CxC,+ -C,x{F^,xC) 



+ 



+ 



1 



{B^"" xC) + {D^C - D^'C) - Ci X F^^ ■ {D^C^ 



2 L 

D.C^) - Ci X F^, 



D^C^ -X + 2{l3xC)-i{BixC) 



Df.C -p + i{B^xC)-2{pxC) + {(j)xC) 



•A 



(5i X C) ■ {Bi xC) + {D^p -C^xC)- {D^P -C^'xC) 



- C„ 



{D^C X P) + {B^' xC)-i {C xB) + {B^ xC)-C^' 



- 2 X C) ■ X C) + 2 i p ■ X B). 



(74) 



With some involved algebra, it can be checked that, under the anti-BRST transformations 
(65), we have the following transformation for the Lagrangian density, namely; 



Sab ^B — ~ 9i, 



m e^-'^^C, ■ {dr,A, -^A^xA,) + B-D^'C + p-B^' 



+ A • D^p - p • (C^ X C) - C'^ • (A X C) 



(75) 



which shows that the action, corresponding to the Lagrangian density jCq^ remains invariant 
under (65) because C§ transforms to a total spacetime derivative. 

We re-emphasize that the above Lagrangian densities Cb and arc not equivalent 
because they do not respect the ofi^-shell nilpotent (anti-)BRST symmetry transformations 
together as a consequence of the fact that (i.e. s^Sab + SabSb 7^ 0). We, at present, do not 
have any clue as to how to obtain the Sb and Sab that respect the absolute anticommu- 
tativity property. The lack of absolute anticommutativity (i.e. Sf,Sab + SabSb 7^ 0) owes 



25 



its origin to the fact that these transformations have not been obtained by exploiting our 
superfield formulation. Rather, these transformations have been derived solely by the 
requirements of the off-shell nilpotency of the above (anti-)BRST symmetry transformations. 

VIII. CONCLUSIONS 

We have obtained, in our present investigation, the off-shell nilpotent and absolutely anti- 
commuting (anti-)BRST symmetry transformations corresponding to the "scalar" and "vec- 
tor" local gauge symmetry transformations of the topologically massive 4D non-Abelian 2- 
form gauge theory by exploiting the geometrical superfield formulation proposed by Bonora, 
etal. [14,15]. It should be noted that, in earher attempts [7,13], the proper set of BRST 
and anti-BRST symmetries have not been obtained together. We have accomplished the 
goal of obtaining the proper set of (anti-)BRST symmetry transformations by exploiting the 
superfield formalism. One of the key consequences of this geometrical superfield approach 
(to BRST formalism) is a very natural derivation of the (anti-)BRST invariant CF-type 
restrictions that are found to be responsible for 

(i) the absolute anticommutativity property of the off-shell (anti-)BRST symmetries in 
our present theory, and 

(ii) the derivation of the coupled Lagrangian densities that respect the above off-shell 
nilpotent and absolutely anticommuting symmetries together. 

It is very interesting to point out that when we merge the above two proper (i.e. off- 
shell nilpotent and absolutely anticommuting) (anti-)BRST symmetry transformations, we 
observe that this combination could be made off-shell nilpotent but the resulting "merged" 
(anti-)BRST transformations turn out to be not absolutely anticommuting in nature. At 
present, we do not have any clue as to how to obtain the absolute anticommutativity be- 
tween the "merged" BRST and anti-BRST symmetry transformations. We feel strongly 
that a single gauge-invariant restriction on the (super)fields would lead to the derivation of 
the absolutely anticommuting "merged" (anti-)BRST symmetry transformations within the 
framework of geometrical superfield formalism. This procedure would also entail upon the 
theory a set of "merged" (anti-)BRST invariant CF-type restrictions that would be respon- 
sible for the accomplishment of the absolute anticommutativity property of the "merged" 
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(anti-)BRST symmetry transformations. We hope to address this problem in the future. 

It would be a very nice venture to compute all the conserved symmetry generators for 
the various continuous symmetry transformations that are possibly present in the theory. In 
this connection, it is gratifying to point out that, in our recent couple of papers [23,24], we 
have derived the conserved charges corresponding to continuous symmetry transformations 
and shown the existence of some cute novel features, hitherto, unseen in the application 
of BRST approach to some of the (non-)Abehan p-form gauge theories. To provide the 
geometrical interpretation for the CF-type restrictions in the language of the geometrical 
object called gerbes (see, e.g. [19,20] for details) is yet another future direction for further 
investigation. It would be also very fruitful endeavor to tap the potential and power of 
other superfield approaches to BRST formalism [25-27] that might turn out to be useful 
in the derivation of the proper merged (anti-)BRST symmetry transformations for the 
theory. In the light of a recent work [28] on the phenomenological implication of the 
topologically massive gauge theory, it would be interesting to study its relevance in various 
kinds of processes that are allowed by the standard model of particle physics. We are 
deeply involved with the above cited issues and our results would be reported elsewhere [29] . 

Acknowledgements: Financial support from DST, Government of India, under the SERC 
project sanction grant No: - SR/S2/HEP-23/2006, is gratefully acknowledged. 

IX. APPENDIX 

We capture here the no-go theorem [10], within the framework of the superfield formalism, 
which reconfirms the impossibility of straightforward generalization of the 4D topological 
massive Ahelian theory to its non-Abelian counterpart. Towards this end in mind, let us 
begin with the following horizontality condition [without taking into account the presence 
of the auxihary 1-form field = (K^ ■ T)]: 

where r.h.s. implies H^^^ = dB^^^ + i (A^^) A 5^2) - E^^) A A^^^) = jf{dx^' A dx^ A dx'>)H^^r, 
with the totally antisymmetric curvature tensor H/^^^ — {d/^B,^^ + d^Bnij, -\- djjB^,^) — [yl^ x 
B^jj + X B^n -\- A^x B^j,^ (without the presence of the auxliary field). In the l.h.s.. 
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the 1-form super connection with the subscript (h), namely; 

is defined in terms of the supcrfields obtained after the apphcation of horizontahhy condition 
in equation (8). One of the kinetic terms of the theory (i.e. ^H^^^ ■ H^yr) would be defined, 
now, in terms of the above totally antisymmetric curvature tensor H^,jj^. 

We shall check whether the above kinetic term remains invariant under the (anti-)BRST 
symmetry transformations that ensue from (76). Further, we shall test the sanctity of the 
ensuing (anti-)BRST symmetry transformations by the requirements of off-shell nilpotency 
and absolute anticommutativity which are connected with the basic tenets of BRST formal- 
ism. 

Let us focus on the l.h.s. of (76). This contains wedge products of the following differen- 
tials which include the Grassmannian as well as spacetime coordinates, namely; 

{dx" A dx'' A dx"^), {dx>' A dx"" A d9), {dx" A dx" A dO), {dx>' AdOA dO), {dx^ AdOA dO), 

(dx^ Add A de), (de AdOA de), (de AdOA de), (de Add a de), (de Add a de). (78) 

It can be noted, from the HC (76), that all the coefficients of the differentials with Grass- 
mannian variables have to be set equal to zero. There are nine such wedge products as is 
evident from (78). The setting of these coefficients equal to zero leads to 

deB,. + d^T, - dj^ - i[B,y, ^^'^] + , - i[B^^\f^] = 0, 

d-eB^y + d,^, - dj^ - i\B^,, ^('')] + i\Bf,f,\ - = 0, 

+ def, + d§f^ + 0] + i + i {^^^^^ = 0, 

d-e~p + ^] = 0, de^ + 9,-? + i 0] + i = 0, 

9j + Ji] = 0, de7, + d^[3 + i [Bf,P] + I {^(^\ = 0, 

d-e4> + deP + i 4>] + i [^^''\^] = 0. (79) 

In the above computation, we have taken into account the full-fledged expansions of (15) and 
(23). It is worthwhile to point out that all the superfields (in the above) with superscript 
(h) are the superfields obtained after the apphcation of HC (cf. equation (8) in Sec. III). 
Furthermore, we would like to emphasize that the HC in (76) entails upon the fact that, 
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ultimately, the kinetic term {^H'^'^^ • H^,^^) should remain independent of the Grassmannian 
variables 6 and 9. In other words, we demand that the kinetic term should remain gauge (as 
well as (anti-)BRST) invariant quantity in the theory. This requirement, as is well-known, 

is the universal feature of any arbitrary p-form gauge theory under gauge transformations. 

The above restrictions lead to the derivation of the secondary fields of the expansions (in 
(15) and (23)) in terms of the basic fields and auxiliary fields of the theory as: 

R^.u = -{D^C, - D,C^) + (C X B^,), R^, = -{D^C, - D,C^) + (C x 5^,), 

S^, = -i {D^Bi^^ - D.Bj^^) + i {D^C X a - D,C xC^)-i{Cx R^,) - {B x B^,) 

= i {D^Bi^^ - D^Bj^^) - i (D^C X a - D,C xC^)+i{Cx R^,) + {B x B^,) 

= -D^P + {Cx C^), = -i{D^P xC)- t{C X B^^y) - {B, x C^), 
Bf = -D^~P + (C X (7^), = -i{D^~P X C) + i{C x ) + {B^ x C^) 
/i = -(0 X (7), /i = -(0xC), /2 = -(^xC'), /2 = -(^xC), 
/3 = -(^xC), U = -CpxC), h = i[{4>xC)xC]-{B,X(^), 
h = i[CP xC)xC]- {B, X ^), + = -D^cj> + {Cx C^) + {C x C^), 

(F^, X ^) = 0, (F^, X ^) = 0, (F^, X 0) = 0, 62 = x C) x C] - (B, x 13). (80) 

There are other relationships as well. However, they are found to be consistent with the ones 
that are listed above. If we identify Bi — B, B2 — B, B^^^ — B^^, Bj^^ — B^ and substitute 
the above values exphcitly in the expansions (15) and (23), we obtain the following BRST 
and anti-BRST transformations (by taking the analogy with our exercise in Sec. Ill and IV) 

SfeC = ^(CxC), SbC = iB, = -(/3 X C), 5^/3 = -(/3 x C), 
S6(/)=-(0xC), s,C^ = -D^/3 + {CxC^), s.C^^B^, s,[B^,B]^Q, 
SbB^ = xC)- i{B X C^) + (C X S^), s^F^, = -(F^, x C), 

SbB^-{BxC) SbB^, = -{D^C,-D,C^) + iC xB^,), s^A^ = D^C, 
SbH^ur, = -{H^^ur, X C) + (F^, X C^) + (F,^ X C^) + {Fr,^ X a), (81) 
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Sab(t> = -(0 X C), SabCf, = -D^/? +{C X C^), S„bC^ = 5^, B] = 0, 

SabB^ = -(D^^ X C) - i{B X (7^) + (C X S^), SabF^. = -(F^, X (7), 

SabB ^-{BxC), SabB^, = -{D^C, - D,C^) + {C x B^,), SabA^ = D^C, 

SabH^^r, = -{Hf^ur, X C) + (F^, X C^) + (F,^ X C^) + (F^^ X C,). (82) 

Furthermore, our geometrical superfield formulation leads to the derivation of specific re- 
lationships amongst some of the secondary fields of the super expansions in equations (15) 
and (23). These are nothing but the following (anti-)BRST invariant Curci- Ferrari (CF) 
type restrictions (plus other (anti-)BRST invariant conditions) on our theory: 

B + B = -i{C X C), (F^, X /3) = 0, (F^, x /S) = 0, 

B^^ + B^^ -D^4> +{Cx C^) + (C X C-^), (F^, x 0) - 0. (83) 

It is important to point out that these CF-type restrictions play very crucial roles as will 
become clear in our further discussions. As a side remark, wc would like to state that 
the transformations ShH^^r, and Safei/^i.r; in (81) and (82) have been derived from (76) by 
equating the coefficients of [dx^ A dx" A dx'^) from the l.h.s and r.h.s. 

At this stage, a few comments are in order. First, the CF condition B + B — —i{C x C) 
has been derived from setting the coefficient of differential {dx'^ A dO A dO) equal to zero 
(cf. Sec. Ill) in the context of superfield approach to "scalar" gauge symmetry. Second, 
the CF-type constraint (F^^ x /3) = is obtained when wc set equal to zero the coefficient 
of differential {dx^ A dx^ A dO). Similarly, the restriction {F^y x /3) = arises from the 
setting the coefficient of {dx^ A dx'' A dO) equal to zero. Third, the CF-type restriction 
Bn + Bn — —Dn(f) + {C X C/j) + {C X C^) emerges from setting the coefficient of differential 
(dx^AdOAdO) equal to zero in the context of superfield approach to "vector" gauge symmetry. 
Finally, the CF-type constraint (F^,^ x 0) = is found when we equate the two expressions 
for Sfti, (as ilhistratcd in equation (80)) and perform some algebraic simplifications. 

Normally, our geometrical superfield approach leads to the derivation of the off-shell 
nilpotent (anti-)BRST symmetry transformations (as is evident from Sec. Ill and Sec. IV). 
However, the (anti-)BRST symmetry transformations emerging from the HC (76) have some 
special features. For instance, it can be checked that s^S^,^ = only when we exploit the 
CF-type restriction (F^,^ x ^) = 0. Similarly, we notice that s^;, S^,^ ~ only when we 
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tap the power of the CF-type restriction (F^,^ x ^) = 0. Added to the above observations, 
it is interesting to point out that slH^^j^ — when we exploit the relations (F^j, x /3) — 
and the Bianchi identity (i.e. D^F^n + DyFrj^ + -D^F^^ = 0). Similar is the situation with 
sl^f^Hn^rj = because we have to use (F^,^ x /3) = and D^F^rj + -Dj^F^^ + DnF^^ = 0. It is 
worthwhile to state, in passing, that the off-shell nilpotency of the BRST and anti-BRST 
symmetry transformations is valid very naturally for all the rest of the fields of the theory. 

Now a few comments follow on the absolute anticommutativity property of the nilpotent 
(anti-)BRST symmetry transformations that have emerged from the HC (76). First, as is 
well known, the CF condition B+B+i(CxC) — Ois used for the absolute anticommutativity 
property {s^, Sab}^^ = 0. Second, it can be checked that the above CF condition is used 
in the proof of {sb, Sab}/3 = 0, {sb, Sab}f3 = 0. Third, it is interesting to point out that 
{^6) Sab}Bni, — only when the above CF condition as well as the CF-type restrictions 
Bn + Bn + Dn(f) - (C X Cfj) - {C X C^) = and (F^,, x 0) = are exploited together. 
Finally, it can be explicitly checked that {sb, Sab} H,jti,r) — only when we exploit the CF- 
type restrictions B + B ^ -i{C x C), B^ + B,, = -F)^(/.+ {C x C^) + (C x C^), (F^^ x 0) = 
together with the validity of the Bianchi identity D^j^F^r, + Di,F,j^ + Dr^F^t, = 0. 

Finally, as pointed out very clearly earlier, the real acid-test of the sanctity of the HC in 
(76) is the invariance of the kinetic term {^H^"^ ■ H^^^) under the nilpotent (anti-)BRST 
symmetry transformations. Thus, we have to clearly check the (anti-)BRST invariance of 
the kinetic term (i.e. ■^H^'^'^ ■ if^i/r?) of the Lagrangian density of our present theory. In 
this respect, it can be seen, from the continuous transformations in (81) and (82), that 
the kinetic term does not remain invariant under the (anti-)BRST transformations. As a 
consequence, the no-go theorems, proposed in [10-12], are correct because the straightforward 
generalization of the topologically massive Abelian theory to its non-Abelian counterpart 
(under the purview of the HC in (76)) lands us in difficulties. This is due to the fact that 
(i) the (anti-)BRST transformations are highly constrained (cf. (83)), and (ii) the kinetic 
term does not remain invariant under the (anti-)BRST transformations (82) and (81). 
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